The Interpretation of Model Experiments
for the Displacement of Fluids Through

Porous Media

Much of this ground has been covered adequately be-
fore. The motivation for a review of some of its detail is
the conviction that the basic subject for examination, even
in a discussion of scaling, is the physical mechanism of the
process under study.

Even though the topic of this paper concerns some
rather specific engineering problems of petroleum produc-
tion it seems useful to discuss it, initially, in very general
terms so that the fundamental questions might stand out
more clearly.

The generalized prototype system is a relatively large
body of porous and-permeable material saturated with
hydrocarbon fluid. This pay zone is pierced by a number
of production wells through which fluid is withdrawn and
by injection wells by which displacing fluids are introduced.
The model experiments with which we concern ourselves
are intended to enable the reservoir analyst to answer
pressing economic questions such as the following: Given
the existing distribution of wells, what is the optimum
choice of producers and injectors, and what is the
optimum set of relative production and injection rates?
Considering local pumping and fluid costs, what are the
relative merits of different choices of injection fluids and
absolute injection rates? Would it be profitable to drill ad-
ditional wells, and where should they be?

Of course, the model itself cannot directly yield the re-
quired answers; this is the responsibility of the engineer.
The model experiment, however, must be designed to
provide a scientific description of some well-defined as-
pects of the prototype behavior. The results of the experi-
ment must be interpreted correctly to provide the back-
ground information on which the economic analysis might
be made. The behavior of the model should be observed
in sufficient detail to enable the interpretation to be made
properly. In particular, it must be possible to define, both
experimentally and theoretically, the extent to which the
model is truly the analogue of the prototype. The effects
of the analogy’s inevitable imperfections must be evaluated
in terms of the resulting differences between model and
prototype behavior.

Of course any specific example of the generalized reser-
voir described so glibly above is encumbered by many
complications. For instance, the pay zone is surrounded
by other geological formations which may also be perme-
able and which are usually saturated by a different fluid.
The convenient description of the limits of the formation
of interest as boundary surfaces may thus be a poor ap-
proximation. Additional geological features of the reser-
voir may also be so complicated that they cannot be ade-
quately represented in a model.

Other assumptions about the prototype reservoir, about
its fluid content and about the processes going on in it,
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are made in order to simplify the analysis. Many such as-
sumptions will be made here which naturally limit the
range of applicability of the discussion. As far as possible,
these limitations will be pointed out as they occur.

It seems worthwhile to review briefly here the require-
ments for a model experiment. The design of a dimen-
sionally scaled experiment or of a pure model involves
the use of the concepts of dimensional analysis or of its
modern successor, the so-called inspectional analysis. In
order that the behavior of a model and its prototype be
similar there must be more than geometric similarity be-
tween them. Several other conditions also must be met.
First, the partial differential equations describing the be-
havior must be common to both systems. Second, the re-
quired number of dimensionless parameters in the model
must be contrived to have the same values as the corre-
sponding numbers which describe the range of operation
of the prototype system. Finally, the initial and boundary
conditions of the systems must, when expressed in terms
of the dimensionless variables, be the same. Under these
stringent conditions one can expect various derived aspects
of the model’s behavior, such as the recovery curves from
the production wells, to be similar to the corresponding
descriptions of the prototype. From the results of experi-
ments with such pure models one may calculate directly
the pumping and fluid requirements as well as the expected-
oil-production schedules.

The standards of purity are high, however, and are dis-
cussed below in more detail. But first one might ask
whether there is any use in a less-than-perfect analogy?
The major qualification for a useful semi-model is a close
analogy between the equations of motion in the model and
those appropriate to the prototype. Furthermore, there
must exist some range of the variables over which this
analogy amounts to essential equivalence. It is only in this
range that useful results can be expected; all experimental
details of the construction of the model, the arrangement of
the boundary and initial conditions, and the means of ob-
serving its behavior, must be accomplished in such a way
that the similarity of the model's equations to those of the
prototype is preserved. Because of this added complication,
the interpretation of an imperfect or semi-model is more
critical. The predictions of prototype behavior which are
made on the basis of such a mode! should therefore be
given more cautiously.

THE DARCY FLOW EQUATION

Before considering its more complicated variations, a
few moments might usefully be spent on the unadorned
Darcy equation as given, in the differential form, in ele-
mentary texts. The equation as written here
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Vp 7 ° (1)
neglects gravitational forces, but does not suffer from the
omission as long as the fluid density is constant through-
out the region of interest. If, in addition, neither the fluid
viscosity u nor the matrix permeability k are functions of
position, and if the fluid is incompressible, then Equation
(1) may be reduced by taking the divergence to La-
place’s partial differential equation in the pressure

Vip=0 (2)

Solutions of this equation are well known. Within bound-
aries which are coordinate surfaces in reasonable orthog-
onal curvilinear coordinate systems, and if the function
p or the normal component of its gradient is given on the
boundaries, the solution is calculable in closed form. In
cases where the boundary cannot be so represented, nu-
merical techniques are available by which p7, may be

evaluated to any degree of approximation at the mesh
points of a grid covering the region. In addition to Darcy
flow, there are several other physical processes with easily
measurable dependent variables which also follow Laplace’s
equation. These analogous physical systems allow the con-
struction of the various semi-models for flow through
porous media.

The scaling properties of Laplace’s and of the elemen-
tary form of Darcy’s equation which gave rise to it are
simple. To examine the conditions under which one Darcy
flow system might be considered a model of another, one
must determine what is required to bring such a system
into similarity with a reduced system. A reduced system
is described in terms of dimensionless independent vari-

ables
E=2a/A }
n=y/A
(3a)

where A is some characteristic macroscopic distance by
which a particular system is identified within the set of
all geometrically similar systems. The dependent variables
of the reduced system must also be given in dimensionless

A
form. Thus, a dimensionless pressure pcent is defined as
the ratio of the pressure pcrye to some characteristic
pressure drop measurable in the real system:

A Plx=£4, y=nA4, 2=LA)
pEND = (3b)
pi—po

Similarly a dimensionless velocity U is then defined as the

IR
ratio of the Darcy velocity v in the system to a character-
istic scalar rate W

"{] v Ux,y.2) ILA (3 )
EnY = — = 4
W k(pi— po)

In terms of these dimensionless variables, Equations
(1) and (2) are transformed into the equations of the
reduced system

/\ -
V' puan =—U (1)
A
V2 penn =0 (2)

where
o _( a 9 9 )
TN BET o L
The boundary conditions in the reduced system are also

to be derived from those in the physical system by the
same transformation equations.
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Note that any geometrically similar Darcy system may
thus be described by the same reduced system equations
if only the variables are expressed in dimensionless form.
In particular, note that no scaling parameter or similarity
group is involved in this case as long as x and k remain
constant throughout the system. The absence of any such
group makes it possible to operate dimensionally scaled
models of Darcy systems of any convenient size, at any
convenient rates.

The use of such modeling procedure is justified by the
assumption that the unadorned differential form of Darcy’s
law given as Equation (1) is adequate to describe the
volumetric flow velocity in the rock. For the proper con-
sideration of the displacement of fluids within the system,
a variable is also needed which describes the nature of the
fluid present at any particular place. The simplest picture,
though not always a very realistic one, depicts a discon-
tinuous situation in which the fluid at any location is of
either one kind or another—either the displaced liquid or
the displacing—with no composition states between. A
more realistic representation might include the specifica-
tions of a zone over which the nature of the fluid changes
more gradually. If the composition variable is a linear
measure of the quantity of a fluid component which is
conserved, then the material derivative of this variable
will vanish. The equation describing the rate of change at
any point will then be

aC -
———::——‘D'VC 4
¢ (4)

Except for the expression of C in some suitable normal-
ized form, this additional equation imposes no further
scaling restrictions except for the requirement of uniform
or scaled porosity. But at any rate, if the determining
hydrodynamic properties—the fluid density and viscosity
—are the same in the displaced as in the displacing fluid,
and if no special interfacial boundary conditions are im-
posed, then the interface will serve strictly as an indica-
tor of integrated Darcy velocity. The dimensionally scaled
model may thus, according to this, be operated with any
pair of hydrodynamically similar fluids, or with any non-
reactive tracer. How allowances may be made in modeling
a porous matrix with variable properties or one contain-
ing fluids of varying density and viscosity will be indicated
later. At this point, however, a different difficulty must be
discussed.

LIMITATIONS OF A MACROSCOPIC
DESCRIPTION

-

In Darcy’s law the variable v(zy.2) is used in a partial
differential equation to represent the volumetric fluid
velocity as a function of position. Such continuous func-
tions, defined at all points of the space of interest, vary
smoothly. In particular, the gradient of a harmonic func-
tion is smooth on a scale determined by the size and curva-
ture of the boundaries. It is evident that even if it is as-
sumed that the working fluid is really mathematically
continuous and possesses a unique velocity at every point,
one is unable to define any such velocity in the major part
of the space included within the macroscopic or gross
boundaries of the system here.

In fact, of course, Darcy’s law is simply not valid on a
microscopic scale; the actual fluid velocity in the pore

space is not (1/¢) times the velocity vcz.y.2) of Equation
(1). Rather the flow within the interstices of the rock
matrix may be described by the Navier-Stokes equation
within the actual microscopic pore boundaries, together
with the higher order and more detailed boundary condi-
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tions appropriate to the actual rock surfaces. Darcy’s equa-
tion itself may be regarded as the law of flow of an im-
aginary fluid, moving in an imaginary space defined by
the gross boundaries of the actual rock. This ectoplasmic
Hluid in its motion ignores the microscopic structure of the

>
pore space; its velocity v(z.yz is defined throughout the
region of interest and represents an approximate average
of the volumetric flux of the real fluid. The average in this
case must be taken over a volume large enough so that
statistical variations from one pore channel to another are
evened out in the integration, but nevertheless small
enough compared to the gross features of a sample so as
not to mask the sorts of velocity variations which are of
interest here.

The object of calling attention to these difficulties of
interpretation is neither to advocate the regular use of the
Navier-Stokes equation within porous media nor even to
justify the Darcy formulation as appropriate in the macro-
scopic system. Rather the intention is to point out that
the microscopic flow patterns must be considered when
the gross or macroscopic displacement is under discussion.

Then consider the microscopic details of the following
conceptual experiment inside a porous rock. Imagine that
there is drawn around a given parcel of a fluid, whose
velocity is given by the Navier-Stokes equation, a closed
surface by which one may distinguish fluid inside from
fluid outside. As the fluid moves through the rock, this
surface, though suffering considerable distortion in shape,
will remain inviolate. It will continue to enclose only the
original quantity of fluid and that section of the rock
matrix which it contained initially. Because the pore space
is multiply connected, the moving imaginary interface will
also become topologically entangled with more and more
of the rock itself. The area of the surface, across which the
displacing and displaced liquids are in contact, therefore,
increases continually as the flow proceeds.

The microscopic histories of real fluid displacements de-
part considerably from the above description. The details
of these actual situations depend markedly on the miscibil-
ity of the fluids. Two extremes may be noted, correspond-
ing to the cases in which the displacing and displaced
liquids are completely immiscible or miscible in all pro-
portions. The intermediate situations in which one finds
all real fluid-pairs contain the complications of both.

In the one extreme where the fluids are immiscible, a
real interface does exist between them within the pore
space. The motions of this interface are dominated by the
forces of capillarity; its behavior consequently differs con-
siderably from that of the imaginary interface described
above. In particular, because the interfacial energy is an
important part of the total free energy budget within the
pore space, a continuous range of stable interfacial con-
figurations of minimum area at a given pressure differential
are generally isolated from their topological neighbors by
dynamically unstable regions. Thus, flow which changes
the average fluid content over a region—that is, displace-
ment—occurs in discrete steps or Haines jumps. The par-
ticular pattern in which these are performed depends on
the detailed fluid distribution as well as, perhaps, on the
average rate at which the fluid is introduced. The pattern
is also subject to a hysteresis—neither the microscopic nor
the macroscopic picture is reversible. Two alternative ap-
proaches which have been taken in the description of the
process of immiscible displacement and the scaling laws
by which models of it may be constructed are of interest
here.

The more common mathematical formulation of the im-
miscible displacement case is based on an extension of the
Darcy equations of flow. This involves the definition of a
pair of relative permeability functions giving the satura-
tion-dependent proportionality constant between volu-
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metric velocity and pressure drop. In order to consider
explicitly the capillary effects, the relative permeability
treatment has been refined by various investigators throu%h
the introduction of an additional dependent variable, the
capillary pressure. Both the formulation of this approach
and the development of dimensional modeling criteria for
it have been discussed thoroughly in the literature; refer-
ence is made to the work of Rapoport and Leas (1) and
Geertsma, Croes, and Schwartz (2).

A more ambitious approach which is based on the
microscopic fluid behavior has also appeared in the litera-
ture recently. This work has been performed by E. E.
Miller (8) and his collaborators among the soil physicists.
It proceeds from the consideration of the Navier-Stokes
equation within the pore space of a soil occupied by water
and air. The detailed solution of the equation is not at-
tempted; rather an inspectional analysis of the microscopic
equations yields a set of similarity groups and reduced
macroscopic variables. One of the principal features of this
approach is the occurrence of two distinet characteristic
lengths which are involved, respectively, in the micro-
scopic and the macroscopic geometries. A further result is
the concept that the liquid volume fraction (related to
the saturation) and capillary conductivity (proportional
to the effective permeability) are functionals or hysteresis
functions of the relative pressure. This contrasts with the
classical relative permeability approach in which satura-
tion is regarded as an independent variable.

Though they contrast in many details, the two ap-
proaches quite naturally lead to some conclusions in com-
mon. For instance, the reduced or dimensionless time
used as an independent variable in some of Miller's ex-
periments

Ao
p L2
is almost the same as the dimensionless time derived by

Mattax and Kyte (4) from the relative permeability ap-
proach. This variable

=1 (5a)

'k o
¢ nL?
contains instead of the microscopic characteristic length A

the square root of the matrix permeability, \/k, a number
proportional to it. The fact that Mattax and Kyte’s water-
oil imbibition experiments can all be plotted as a function
of this variable indicates further that Miller’s microscopic
approach has some validity for two-liquid as well as for
gas-liquid systems.

In the alternative extreme of liquid behavior, the com-
pletely miscible situation, there are no fluid-fluid phase
boundaries present in the pore spaces. In this case one
may expect that the Navier-Stokes equation should be ade-
quate to describe the detailed fluid velocities. An imaginary
closed surface drawn around a fluid parcel could then be
expected to follow the pattern discussed earlier. If the
fluid inside the surface were distinguishable from that oit-
side, one would find that after only a short interlude of
flow, its distribution throughout the pore spaces would be
a very rapidly varying function of position. In this hypo-
thetical experiment, an attempt to find and follow the
surface convolutions would be defeated by molecular dif-
fusion. A boundary surface which moves with the fluid
does not in fact permanently separate the fluids on each
side; it is crossed continually by individual molecules in
both directions. The sharpness of the border is thus pro-
gressively degraded.

(5b)

tuk =t

DIFFUSION AND FLOW

With an arbitrary volume element of fluid V, with sur-
face 3, (small enough to inhabit comfortably the pore
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space) the material transport equation is derived by
equating the rate of change of tracer content within the
volume to the sum of the surface integrals which repre-
sent the rates at which tracer is carried into the element
by convection and by diffusion.

%ffvfc(ﬁt) de—fEfC(—;t);';E—l—

S S pveca (s

Here, the independent variables are position and time,
N
r and t. The concentration of tracer material is represented

by C >

o and the fluid velocity by v o The molecular

diftusion coefficient is denoted by D, while V and 3 meas-
ure respectively the volume and surface of the volume
element. Then by use of the divergence theorem, the sur-
face integrals on the right are transformed. An equality
is obtained which, holding true for any arbitrary volume
satisfying the initally stated specifications, is true every-
where within such a volume and may therefore be written
as a differential equation:

aC - = - i -
¥=—CV-U—U-VC+VD~VC+DV2C (7a)

Interest here is focused on cases in which the fluid vel-
ocity is divergence free and in which also the diffusion
coefficient is independent of position and thus the first and
third terms on the right may be dropped:

aC >
——==—v-VC+DVC (7b)

In the same way in which the procedure was applied
earlier to the Darcy system, dimensionless reduced vari-
ables are again introduced:

& =x/\

n=y/

L=2z/\ (8a)
= tW/x

Here, A is a length which characterizes a particular real
system, and W is a characteristic scalar speed of the fluid
at some point in it. When one ignores the transformation
group of scalar multiplication of C (since it may be con-
sidered to be in dimensionless form already) and defines

- -
a dimensionless variety w as the measure of v in units
of W

- >
w = vo/W (8b)
Then the differential equation becomes
aC -> > D
—_—=—w-VC 4 —V2C 9
ar wr Vet W v )

-
Now the dimensionless velocity function wenty is spec-
ified through the Navier-Stokes equation by its value and
derivative on the boundary and by the boundary shape.

-
For a given dimensionless velocity function w, the con-
centration is a function not only of the dimensionless
distance and time variables, but of the similarity group
AW/D. (It is convenient to use the reciprocal of the co-
efficient of the second term in Equation (9).) If A is a

Vol. 9, No. 4

A.1.Ch.E. Journal

typical pore dimension, and W the average liquid veloc-
ity, the dimensionless number \W/D measures the rela-
tive importance of convective to diffusive flux within the
pore spaces. This number is important because some of
the frontal dispersion results from the variation of liquid
velocity. In addition to the molecular diffusion, and in-
teracting with it, the variation of the fluid velocity from
place to place tends also to disperse the boundary region
between the fluids. Like the mixing of fluids in a chemi-
cal reactor, the mixing which occurs at the displacement
boundary or front between two miscible liquids in a
porous media consists of two stages. These result from
the two distinct mixing phenomena corresponding to the
two terms in the material transport equation. The con-
vective distribution is greater if the number \W/D is
large, for in this case the time constant for diffusion
within a pore is long compared to the typical travel time
for flow through it. On the other hand a small value of
the number indicates that diffusion is virtually able to
homogenize the contents of a pore in the time a bit of
fluid takes to traverse it. This is evidently the situation in
the lower range of flow rates in a typical oil sand, and in
this case we can expect that the variation of velocity
within a pore should not contribute to the overall frontal
dispersion.

DISPERSION AND ITS SCALING

Even at low values of AW/D, however, larger scale
variations of velocity between neighboring pores and
groups of pores will markedly affect the frontal disper-
sion. If these average pore velocities are distributed
randomly, that is, with no long-range autocorrelation in
the sequences of fast and slow segments along the dif-
fusion-averaged streamlines, and with no large-scale vari-
ation in a direction perpendicular to the flow of the
average streamline velocities, then a mathematically
tractable situation results. Under these conditions, as has
been shown theoretically in various special cases by
several workers, including Josselin DeJong (5), Scheideg-
ger (6), Saffman (7), Aris (8), and Bear (9), the dis-
persion arising from velocity variations may be de-
scribed by a diffusion equation in the macroscopic co-
ordinates. Thus in a linear system (one in which the
Darcy streamlines are everywhere parallel) in which the
concentration is a function only of time and of the dis-
tance along the streamlines

9C cx,t
D— 10
ot ¢ ox + I (10)

In this equation, x is the distance measured along the
flow lines from the inlet end, v is the Darcy (volumetric)
fluid velocity, and ¢ the porosity of the porous matrix.
The coefficient D is here descriptive of the gross frontal
dispersion resulting from the interaction of the random
velocity variations and the continuing molecular diffu-
sion. Although it is similar is mathematical form to
Equation (7b) discussed earlier, Equation (10) should
be physically distinguished from it. The space to which
Equation (10) refers is bounded by the gross boundaries
of the sample and contains both sand grains and pore
space. The functions in it, Co and v, represent
smoothed values of the corresponding physical variables
averaged over several pore spaces.

A slightly different approach to the method used above
for the dimensional study of such differential equations
is as follows. Seek from among the coefficients of the
equation some characteristic values of the variables, such
that a dimensionless equation written in terms of these
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Fig. 1. Nonuniform miscible displacement.

N —
N 1 AN
—1—~e“’ erfc —[é—i- \/t]

natural units will be normalized. For instance, rewrite
- . . . /\
Equation (10) in terms of a dimensionless distance x
A
and time ¢ defined by

A X A i N
x t Crr =C

(1)22)/02 (x,t) (z,t)

(10a)

Transforming to the use of these new variables, Equa-
tion (10) becomes

66 Bé\' 626
_— (10b)
A A A
ot ox dx?
For a step function input defined by
A
CH(.%‘<0,0> =1
R (10¢)
CH(2>0,0) =0
the solution is
A 1 1 ~
C AAz—erfc—[ x__*-\/t] (10d)
Hiz, ) 2 2

\//\
4
Now the boundary conditions used here, (10c), are not
strictly representative of the actual situation. The fact is
that a real square front is usually inserted at the inlet

face of the system rather than in its interior. Thus a more
realistic boundary condition might be written

A

Csioisny =1

A

Codsom =0 (10e)
A

CS(Q—m,At) =0

In this event the solution of Equation (10b) is

f/?_w_p

A 1
C ~a =ierfc—[
S(x, t) 2 2
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(10f)
2 2

\/ N

t

This differs from e'ﬂ the idealized solution above, by the
addition of a second term. This second term may be
thought of as an image term representing the concen-
tration contribution of a virtual front which travels in
the opposite direction to the flow. The decrease of the
error function complement is stronger than the exponen-
tial factor; the entire second term thus fades out of sight

A

as x increases beyond unity. A return to the approximate
solution (10d) is then justified. In terms of the familiar
dimensional variables, the geometry of this may be de-
scribed by the thickness of a transition zone. If AX repre-
sents the distance between the isoconcentration planes C
=09and C = 0.1

_ DéX
AX = 3.62 VDT = 3.62 \/ —— (11)
v

where X is the distance a sharp front has proceeded in
the time since its initiation. This abbreviated form is a
valid approximation to the actual solution (involving the
second term mentioned above) everywhere except close
to the inlet face. Further away than a few of the natural
distance units ¢D/v the second term in (10f) is negligi-
ble (see reference 10).

A great many experiments have been interpreted on
the basis of Equation (11). The usual method of inter-
pretation has been the calculation of the effective disper-
sion coefficient D from concentration measurements at the
outflow face of laboratory flow systems. Some words of
caution are needed here: both the experimenter and the
theorist awaiting his results are prone to accept upon
insufficient evidence the assumptions made in deriving
Equation (10). The fact is that they do not apply to all
porous systems. An output concentration curve which
coincides, within experimental error, with the curve of
the error function does not guarantee that all of the
enumerated conditions of randomness of fluid velocity
are met.

It is not only among unconsolidated packs that such
anomalies occur, but also in naturally cemented materials.
Figure 1 gives evidence of such a situation. This is a
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section of a 3-in diam. core plug of the much used
sample material, Berea sandstone. A miscible flood ex-
periment was performed using catalyzed styrene mono-
mer as the working fluid. After saturation of the pore
space with clear fluid, a sharp front of the same material
dyed with methyl violet was started in from the far end
face. When about half of a pore volume of the clear
plastic had been displaced, flow was stopped. After poly-
merization of the styrene the core plug was sectioned and
polished.

Even such flow irregularities as these, unless the chan-
nels are correlated over long distances, without effective
diffusive or convective interchange between them will
permit of the simplified treatment given by Equation
(10) for wide transition zones. But the possible existence
of extensive correlated velocity zones or channels cannot
be discounted a priori for either flow samples, laboratory
models, or reservoirs.

If such channels are not of major importance, one may
return to the diffusion type of differential Equation {10)
of material transport which uses the Darcy velocity and
a smoothed concentration function. In recognition of the
experimentally observed difference between the effective
dispersion coefficients (11 and 12) parallel and perpen-
dicular to flow, one may extend (10) to three dimensions
to read

oC v oC 92C <62C 92C )

at s om TP T g dxa?
(12)
Here, x1 is measured in the direction of the Darcy veloc-
ity v, and x2 and x3 in two mutually perpendicular direc-
tions transverse to it. The coefficients of longitudinal and
transverse dispersion are respectively Dr and Dr.

Two geometrically similar flow systems, which are both
described by the reduced Darcy Equation (1’) and by
Equation (12), are not dimensionally scaled unless fur-
ther requirements are met. This results from the addi-
tional terms in Equation (12) which were not present in
the simply convected concentration Equation (4). Equa-
tion (12) may be put into dimensionless form by the use
of a characteristic macroscopic length A and rate W and
by using the new independent variables:

&Li=xi/A, r=tW/A
Then
oC _ U aC D 9C " Dt ( a2C 92C )
dr ¢ 91 AW 9&%2 AW N ag? 92
(13)

is obtained. Here U is v/W, the dimensionless volumetric
velocity which occurred in the reduced form of Darcy’s
Equation (1°).

From Equation (13) one sees that two dimensionless
groups must be considered. These are DL/AW and Dt/
AW. If flow models are to be dimensionally scaled the
values of these two numbers must not vary from model
to model. The preservation of these dimensionless groups
would not be difficult were it not for a complicating factor
regarding the effective dispersion coefficients. Even in
well-behaved fluid-matrix systems whose dispersion be-
havior can be described by the differential Equation (12)
or (13}, the coefficients D1 and Dr depend on the veloc-
ity of the fluid. With reference to the microscopic picture
discussed above, the ratio of the effective dispersion co-
efficient to the molecular diffusion coefficient in the fluid
may be expressed as a Taylor expansion in powers of the
dimensionless parameter AW/D

DLt 1 AW ( AW )2
D —;F— + dlL;T'l—)‘— + anr\ —

(14)
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The first term of the expansion is related simply to the
electrical formation resistivity factor which may be inde-
pendently measured. The coefficients air;r and asL:r are
descriptive of the microscopic structure of the matrix.
Their numerical values are somewhat arbitrary, at least
until a reasonable general rule is enacted for the measure-
ment of the characteristic microscopic length A*. Further,
the coefficients asr and asr are evidently quite small for
porous packs of convex particles judging from the experi-
mental curves published in the literature.

One finds that the product a1z is large enough so that
for common reservoir liquids moving at only moderately
high rates

a1 \W 1

In this case, note that Equation (14) looks like

Dr~xaiwW (14a)

With reference to the modeling requirement stated
above in terms of the dimensionless group Di/AW, one
sees that if Dz, is approximated by (14a) in both models,
the velocity condition is removed and the dimensionless
groups degenerate to Aair/A in both models. This leads
to the relative independence of fractional mixing zone
length on the diffusion coefficient or on the displacement
velocity over a large range of velocities. Observation of
this rate independence dominated many early model ex-
periments. It led to various erroneous beliefs that the
breakthrough recovery and required slug size could be
inferred from semi-model experiments in which the longi-
tudinal dispersion behavior was not scaled. The conse-
quences of ignoring the dispersion scaling requirements
vary with the circumstances: the shape of the reservoir
and disposition of the wells, the displacement rate, and a
further effect which is yet to be considered here.

Transverse dispersion is not of direct importance in the
longitudinal growth of a transition zone; but it signifi-
cantly affects the displacement whenever the concentra-
tion front is not perpendicular to the Darcy velocity.
Such a situation can occur both because of the macro-
scopic geometry in which the Darcy streamlines are
curved and as a result of nonuniformities of fluid or rock
properties.

FLOW NONUNIFORMITIES

The simplest treatment of liquid displacement was
based on Darcy’s law with constant parameters, It evi-
dently does not produce obvious errors to consider Darcy’s
law to be just as valid when the parameters vary. When
Equation (1) is rewritten taking account explicitly of
the gravitational forces

- g -
Vp-i--k—v-!-p(;:() (15)

The symbols here are familiar except for those in the
last term. The fluid density, which along with g and k
will be considered a function of position, is represented

-
by p. The vector G is a constant directed upward and
having the scalar magnitude g, the acceleration due to
gravity. This equation, the incompressibility relation by

N
which the divergence of v vanishes, and the macroscopic
material transport equation for the concentration (12),
determine the response of the flow system to the initial
and boundary conditions.

# Values of the products aiz\ and airA appropriate to various kinds

of materials may be calculated from the results presented in references
11 and 12.
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A convenient mathematical technique by which the
dependence of the system on nonuniformities of x, p, and
k may be examined is the vector differentiation of (15).
When the curl of this equation is taken, the fluid pressure
is dropped as a variable. The remaining terms lead to

v,
w - uw > > ® - o -

—_— X v ——Vk —_ =
X0 VKX 0+ 2V X0+ Vp X G=0
The variation of permeability is fixed in the Eulerian co-
ordinate frame, but the density and viscosity depend on
the composition of the fluid. Accordingly they are written

as functions of C and abbreviated

,_ 9
P=ac
,_
k=dc

These definitions lead to an expression for the vorticity or
curl of the velocity:

kG
- N ,
Vsz(—l—L—v—i—P

[ B

- - -
) XVC+vV(nk) Xo
(16)

Note that in the simple Darcy situation in which viscosity
and density do not depend on concentration, and in
which there are no permeability variations, each of the
terms of this equation vanishes separately.

Repeating the use of the characteristic length A and
characteristic Darcy velocity W, this equation is put into
the dimensionless form:

-

N ’ - —> -

Lu+pkc)xvc+%vkxu

1 M
(16a)
The dimensionless parameters here are the logarithmic
d,
derivative of viscosity with concentration, — —“—, the

u dC
k
product, PWg, and the gradient of the logarithm of

.
v 8-

,

H

k. Note that in the second of these, permeability must be
measured in its centimeter-gram-second unit, the square
centimeter if the terms are to be compared numerically.
Thus for two flow systems to be dimensionally scaled
models of each other, they must not only be geometrically
similar and satisfy the dispersion-similarity requirements
cited above, they must also be similarly oriented with
respect to the body force field in which they find them-
selves, and the three dimensionless parameters of Equa-
tion (16) must have equal values in the two systems.
If the two dimensionless groups for dispersion, Dr/AW
and Dr/AW, are the same for both systems and the initial
flow conditions similar, then the reduced concentration
gradient will be represented by the same function of di-
mensionless distance and time.

The vorticity of the Darcy velocity may also be studied
analytically by the use of Equation (15) or (16). It gives
the convective contribution to the local angular velocity of
the isoconcentration lines, an important quantity for cal-
culation of the growth of instability fingers.

If the determining vector

Xe
iy
I I

lies parallel or anti-parallel to the concentration gradient,
and if the gradient of the permeability is zero, then the
curl of the velocity vanishes despite the sign of the viscos-
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ity and density gradients. This dynamic balance is, how-
ever, unstable in the unfavorable case when the two vec-
tors point in the same direction. In this case, a slight
departure from parallelism will give rise to a positive
vorticity which will rotate the isoconcentration surfaces,
aggravating the original disturbance. The dynamics of this
process, if the appropriate similarity groups are carefully
controlled, may be studied in scale models. Especially
important in such modeling are the reduced concentration
distribution—the width and shape of the transition zones
in the different parts of the model—and the value of the
transverse dispersion group, Dr/AW.

Fingering, the evidence of frontal instability, generally
originates from inhomogeneities in the porous material
itself—from randomly distributed sources of vorticity at

—_— -
which the third term of Equation (16) V(ln k) X U be-
comes appreciable. For complete dimensional scaling, the
permeability of the model must be proportional to that
of the prototype at corresponding points. This is a strin-
gent requirement which cannot be satisfied in detail
simply because the properties of the prototype reservoir
are never known very intimately. Instability fingers will
not start at the same reduced places or at the same re-
duced times in the field as in the model. This unknown
factor must be recognized in the engineer’s interpreta-
tions,

CONCLUSION

The natural appeal of models as cozy representations
of more inconveniently sized physical systems can lead
to the uncritical acceptance of at least the more intriguing
ones as complete analogs of their geometrical prototypes.
The major precaution in the use of models is that the
physically proper equations should be used. In the dis-
cussion above, attention has been fixed on the physical
phenomena underlying these equations. These equations
are mathematical expressions of the physical processes
occurring in both prototype and model.

In view of the requirement that even for a model
study the mathematics must be followed closely, one
might question the use of models at all. If all of the equa-
tions of flow must be utilized and the values of the vari-
ous similarity groups controlled, why not proceed with
a numerical analysis based on the known mathematical
situation? Furthermore, do not these arguments apply
with particular strength against the various semi-models
which are based on only an incomplete mathematical
description of the flow?

They do to some extent. With the rapid technological
progress in digital computation, numerical analysis be-
comes more and more attractive for a variety of scientific
and engineering problems. Models and semi-models con-
tinue to be used for fluid displacement studies, however,
Their value lies especially in elucidating the behavior of
prototypes with unsymmetrical boundaries and many
wells. In these cases a sufficiently detailed numerical
analysis is very demanding of machine time and storage
facilities. Various general studies, such as that of the long-
term growth of particular instability patterns and the
ways in which they are influenced by dispersion, may also
be conveniently studied by flow models.

One should remember that fluid displacement in-
cludes some rather complex phenomena, and that neither
of the analytical approaches discussed here can claim
infallibility. In fact, in view of the incompleteness of the
knowledge about many of the processes going on in
porous media, it would probably be wise to regard model
flow systems and numerical analysis as complementary
rather than competing techniques for the prediction of
reservoir displacement behavior.
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NOTATION

N
(x,1,2) =1 = position variables, vector

t = time

A,L = macroscopic characteristic lengths

-

v = velocity vector, Darcy velocity vector

- -

Uw = dimensionless velocity vector

W = characteristic scalar flow speed

C = concentration

P>, = pressure function

pipo = inlet and outlet pressure

k = permeability

F = clectrical formation resistivity factor

D = diffusion coefficient

D = effective dispersion coefficient (subscripted T or
L for transverse or longitudinal)

arr,aiLyaer, . . = coefficients in expansion of Dr and D

-

G = acceleration due to gravity, vector directed ver-

tically upward

Greek Letters

£m,0 = dimensionless position variables
T = dimensionless time
A = microscopic characteristic length

¢ = porosity

g = fluid viscosity

p = fluid density

T = interfacial tension

3, = surface of volume element V
Superscript

A

A
= dimensionless variable, as in p
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Continuous Propagation of Microorganisms

A. G. FREDRICKSON and H. M. TSUCHIYA

University of Minnesota, Minneapolis, Minnesota

Microorganisms undergo a cycle of maturation during their life-spain in o proliferating
culture. This gives rise to a distribution of degrees of cellular maturation in the culture. The
gross rate of any metabolic process carried on by the culture is therefore an average over all

degrees of maturation present.

Equations embodying the life-cycle concept are developed for cultures of organisms which
proliferate by binary fission and do not form spores. The equations are solved for the age
distribution in the special case of a continuous, steady state fermentation. Expressions for
calculating gross metabolic rates and cell size distributions are derived. Finally, the stability

of the steady state fermentor is discussed.

Monod (19), Novick and Szilard (22), Maxon (18),
Herbert et al. (11), and others have developed theories
of microbial propagation which, in some cases, give accu-
rate quantitative representation of certain aspects of
growth phenomena. The theories mentioned are based on
two postulates.

1. The growth rate of a culture is proportional to the
rate of consumption of substrate.

2. The specific growth rate of a culture is some function
of the substrate concentration.

These two postulates obviously apply only to cases
where the availability of one substrate limits the growth
rate.
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The two postulates may be expressed mathematically as
R = — BR;s (1)
R/C = F(Cs) (2)

in which C is the microbial concentration, Cs is the sub-

strate concentration, and B is the yield coefficient. It is

usually assumed that the function F(Cs) is of the Mi-
chaelis-Menten form [Monod (19)]
Mm Cs

F(Cs) = —— 3

( ) KS + CS ( )

where um and Ks are constants, the former being the maxi-
mum specific growth rate.
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